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Shortcoming of the method of initial parameters when used for determining
oscillations of branched systems including those in which the boundary effect
is present are pointed out, It is shown that these shortcomings are eliminated
by subjecting the selection of parameters that define the state of a given
section of the system, and of equations defining each parameter to specific
conditions that are natural for the considered system, It is, then, as a rule
to aaply the two-sided carry-over of parameters, It is further shown that the
calculation of oscillations of variable cross section bars is considerably sim-
plified by using the method of parameter carry-over in conjuction with the
method of slow varying coeffcicents, Transverse oscillations of variable
cross section bars are considered as an example,

1, The investigation of stable oscillation of elastic bar systems and of a number
of other phenomena reduces to the totality of problems of the determination of vector
functions each of which depends on a single coordinate and is defined either by a system
of ordinary linear differetnial equations ( along sections where parameters of an elastic
system are continuous) or by conditions of conjustion (at the boundaries of continuity
sections ), These relationships are supplemented by conditions specified at the bound-
aries of a given function, A widely used device of solving such boundary value prob -
lems consists of reducing these to Cauchy problems using the method of initial para-
meters [1,4], The latter method is,however,specifically adapted to chain systems
in which the number of degrees of freedom of sections do not vary with the longitudinal
coordinate, In the calculation of system with branches and intermediate supports the
number of conditions at the beginning of a section which contain its parameters may
not coincide with the number of such paramaters, Hence it becomes necessary to re -
sort to devices alien to the idea of initial parameter method [2—6],

Difficulties of another kind arise in systems with explicit boundary effect (boundary
layer) [4,7,87, when the solution contains exponentially increasing and decreasing
functions, If for each of these M4 -+ - .. + Aply<€1 ({n is the number of sections of
the system, A; is the absolute value of the exponent of the exponential function along
the j -thsection, and I; the length of the latter), the reduction of the boundary value
problem to that of Cauchy unavoidably leads to poorly defined systems [4-61]. It is,
thus, not possible to use in systems where the boundary effect is present the methods of
one-sided parameter carry-over [4] for which all parameters of a given section of the
system are determined by conditions established at that section beginning,

it follows from the above that the selection of parameters which define the state
of a system and of equations that define each parameter must be subjected to specific
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conditions natural for that system. For instance, for systems in which the boundary ef-
fect is present these parameters are to be selected so as to prevent mixing of boundary
effects related to different boundaries of a particular section of the system, Thus, the
parameter that defines the boundary layer at a particular cross section must not be based
on conditions derived for some other corss section, The idea of such approach is close
to that which is at the base of the asymptotic method proposed by Bolotin [7 — 9] for
calculating oscillations of bars, plates and shells.

2, As an illustration of the proposed method, which can be described as the method
of two-sided carry~over of parameters (cf,[4]), we present the sequence of calculation
of free oscillations of a beam consisting of three constant cross sections, We assume
that a concentrated load whose mass and moment of inertia are 7,* and J,, is applied
between the first and second sections and an intermediate support is located between the
second and third. We specify solutions for each section in the form [1]

Y;(z;) =Y¥; (z))4;

— _ 2,
Y; ={v;, Lj, Mj, N},  A; = {a;, b;, pj, 4} (z.1)
sin A cos A o Ax AeM
hoosA  —AsinA  —hetx et
¥, = A AA (2.2)
—ch?sin A —ch2cos A cAZe % ch2e x
—Mscos A eMdsinA — k% Px ohsetxTM ;

€

2m; \Vs
Ny =Ny =Mz + 05 Nx=Mzj A =Mlj, by = ( : )

whereY; is vector (column matrix ) of state ( Vj is the deflection, L; = Uj, is the
angle of turn, M; = Cij' is the bending moment, N; = M;’ s the shear force),
¢;j is the flexural rigidity, m; is the running mass, ¥; is the matrix of solutions, and
A j is the vector of constants of integration,
Using the two equations that follow from boundary conditions at end Z; = 0
we express coefficients b1 and p1 (function p, exp (—A,z,) defines the boundary
layer at cross section z; = 0) interms of @, and ¢,

by = Maiy + vai E1qy, Py = pma, + vy Eiq, E; = exp (—Ml)) (2.3)

Phase @1 is selected so that the inequality | u,, | < 1 is satisfied, For instance,
when a hinged support is located at cross section z; = 0, then assuming ¢, = 0,we

obtain Ws; = Vg, = Vg =0,andwv,, = —1.
The conditions at junctions of adjacent sections of a bar are
Uy (ll) — Uy (O) = 01 L1 (ll) _ Lz (O) =0 (2.4)
M, (1) — J,0%L, (Lh) — M, (0) =0, N, (L) + m*o?vy (4) —
N, (0) =0
vp(le) =0, v3(0) =0, Ly(l) —Ls(0) =0, M,y(l) — (2.5)
Mg (0) =0

Taking into consideration that the boundary effect at cross section zg = 0 de-
termines functions which contain ¢, and P2» from conditions (2.4) we obtain (pz = 0)
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Y191 — by — pa = — Ppa; + Eaga, Va1 — @z + p, = (2.6)
- ‘pfzal + Eaqa,  Piagy + be — P2 = — Praa; + Euq,
Viada + @2 + p2 = — Vi, + Eage
(b1 = Sy + paaCy + porBy, bh =1 + va1E1Cy + vai B}
P12 = MAZY (C1 — pauSy — Ba1E), ..., S; = sin Ag(ly), Cy=cos Aj(l;)
from which follows

91 = Py + VaEags, @y = pyaay + vpEaq, (2.7)
by = p2aa; + vaEags, Pa = Rgea; + vyaFEags

where the coefficients Wy, ..., By and Vg, . . ., V3o are solutions of system
(2,6) by substituting— 4,,% | —,%and 1, ..., 1. respectively, into its right-
hand side.,

The boundary effect at cross section z3 = O is defined by functions that con-
tain ¢, and p,. Hence conditions (2.5) with allowance for relationships (2, 7) yield

Vige = — Poay, b3+ ps = — Eags (2.8)
Pegs — a3 + Ps = — Yooty + Eaqs
V5392 + by — py= — Psay + Esqs

(‘l?"zcl = 1285 + P22Ca + p3Eo
Yo = 1 — v12E385 + Ve EoCo + vas B3

\sz = 7\'27"?:1 (n12€s — poaSe — Us2E), - . .)
when @, = (. From Egs, (2,8) we have

g = Maa@; + VaaEqs, a3 = pyaa; + vi3E39q; (2.9)

bg = 23y + Va3E3qs, Ps = Wasty + Va3Esls
where g, . . ., gz and wv,,, ..., vy aresolutions of system (2,8) when1p,,®,
0, P, Pys® 2nd 0, —1, '1, {, are,respectively, substituted into its right-hand side,
Taking into account formulas (2, 9), from the boundary conditions at the end x, =
I3 we obtain two equations of the form

‘Pglal -+ ‘Pgl% =0, wgzal + "Pg2q:; =0 (2.10)

The frequencies @ for which the determinant of that system vanishes corresponds
to one of the principal oscillations of the system. The form of these oscillations can
be determined from formulas (2.10), (2.9), (2.7), and (2.83),.

The increase of the order number of principal oscillations does not lead in the des-
cribed method to any particular computation difficulties, since the order of the coef-
ficients MW;; and wv,; remains unchanged with increasing frequency. Moreover in
the case of fairly high frequencies with the numbers E; < 1, it is possible to dis-
regard the terms that contain these , and this considerably simplifies calculations (cf,
[91). Note also that unlike in the method of initial parameters in the proposed method
the presence of an intermediate support only simplifies the calculation,

In the calculation of low-frequency oscillations when the appearance of poorly
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defined systems does not present misgivings, there is no need to separate the boundary
effect, In that case simpler equations are obtained by using fundamental systems of
solutions, In the case of transverse oscillations of bars such system is defined by
Krylov's functions [ 1],
Let us revert to the three-span beam considered above. Along each of its section
we have
v, =a,S8 (7»].1:]-) -+ a, T (lj:cj) . ast (}\.jz]-) + aMV (ijj)

Assuming that the left-hand end of the beam is hinged and using the conditions at
the junction of the first and second bars, we obtain linear relationships of the form

Qyp = Goplyp -~ Porlys (r=1,2,3,4)

We express the equations which follow from conditions (2.3) as
Wipas = — o, o =0
‘I’i;) Ayq — Agg = — ‘P%)au, ‘Pﬁ) G1q4— g3 =~ — ‘Pg)am
(‘Pﬁ) =065182+ -+ « + 624V, ‘Pﬁ) =paSy -+ ... T puls
‘Pg) = 7‘2}”:;1 (691Vs -+ 62982 + Ga3 Ty + GogUs), . . )

Parameter @3; remains arbitrary, The state of the third section is, thus, de-.
fined by the two parameters %32 and %a- (Similar results are obtained by the method
of intermediate supports in the method of initial parameters in [ 3], It requires, however,
extensive supplementary explanations),

Boundary conditions at the end z3 = /; yield the system

Yevon + tie =0, ¥ By + $¥ay, — 0

which makes possible the determination of the frequency and form of principal oscillations,

3, In calculating branched systems it is necessary, fist of all, to consider the
branches between nodes, One of such bran-
6 K 7 E ches of a bar system is shown by AB in
E Fig, 1, It is assumed that perturbing effects
5 are applied only at the segment boundaries.
Let the vector of state Y; (z;) of each
¥ of the 7 sections of branch AB be defined
) (n) by formula (2, 1) which contains the vector
(2) of constant parameters 4; = {a@j;, . . .,
4 @jm). When the boundary effect is absent
or weak, then, using the conditions at section
7777 77777777 joints, it is necessary to obtain the relation~

Fig, 1 ships

A;=K;A, + AF (=2, ...,n) 3.1)

or(d; = K;*An + AF, j=1, ..., n —1), where K is the square
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matrix of the carry-overand vector 4, appearsin the presence of perturbation,
Let us assume for definiteness that in the presence of the boundary effect ( that
vector) is defined at the left- and right-hand ends of the j-th section by parameters
2j, m-1 and @j,. Using the conditions at the segment junction it is then necessary
to determine the relationships

A=Ky (AT anm} + 4] (=1,2,...,7) (3.2)

Here and in what follows 4;" ™ = {@j1, . . ., @j,m-1}- The square matrices K;
can be constructed as follows, Let the system of equations defining the conditions at the
junction of the j—th and the j -} 1 ~—st sections be of the form \P'le 3+ ¥
Ajsy = F;or more precisely

1 1 o
Vi1 + - - o+ $im@im + $ing, 1%551,1 + - - - P, mBieg, m = F

where ;' and 1PJ+1r are columns of matrices 1}” and W,° (the latter gen-
erally differ from ¢, (1;) and W, (0))and vector F; defines the pertutbation effect,
We write the obtained system as follows:

0, m-1 gm—1 1, m - °
‘Flﬂ ;il -+ %ma;m = ‘Fi " 144;” t— Pje1, m@js1, m + FJ‘ (3.3).
(=1 ..,n—1

w“ﬂqmeﬁmumwm

Systems (3. 3) are solved successively, For j =1 we have
m—l .
= MoAT"™ + voagn + A5 ™ (3.4)

-1

Aym = M2A -+ Vom@am —+ afm (3.5)

where M, is a matrix of order, (m — 1) X (m — 1), V2 and M2 are, respectively,
column-and row-matrices of order m — 1, and vy, is a number,
Relationships similar to (3.4 ) and ( 3.5) can evidently be obtained for any number j.

Thus, if the equalities
AP = M AT 4 Vit 4 AT 8.6
- F
@j1,m = WAl +Vimbim + @i 3.7

hold, then by reducing the j=th system (3,3) to the form

‘F‘J)-'t-r‘_l e T (‘pam qu mglvj)aJm =
. llfl m— 11\1 A1 m-1 \IJ]+1 ma’J+1’ m ‘J[" F _ lFl m—lAF m-1

we can calculate

~ F,m-1
Al = MzuAm P Vi, m+ Ajh (3.8)
F
Ajm == Pj+1A1 + Vi, m@ia, m + Gim (3.9)

Solving Egs, (3.9) in the reverse order, commencing with j=n— 1, we obtain
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m~1

* * Fx
@im = Windy  + Vit m@Gnm + Gm =n—1, ..., 1) (3.10)
* * * *
Wis1 = Wisx -+ Vier, mMjees  Visr, m = Visr, mVis2, m

F* __ F Fx
Aim = Qjm -+ Vit1, m@y41, m

Substituting the expressions (3, 10) into equalities (3. 6), we obtain

AP = My* A - vi*an, 4- AR ™ (=2, ..., n) (3.11)
* * F,m- F, m-~ Fx

Mj* =M+ Vi, vi* = Vivia, m, A" = A" - viam

Combining formulas (3. 10) and (3. 11) we obtain equality (3. 2) where evidently

M.% .k AF, m-1
K — J J AF — * (3.12)
7 * * ! T Fx
Hive Vin,m Zim

Although the algorithm is more complicated when the boundary effect is present,
the volume of calculations is not increased. On the contrary,since the quantities V;
and Vjm are proportional to exp (—A;l;), it can be reduced in the calculation of
high-frequency oscillations,

For a closed system formulas (3.1) and (3. 2) make possible the construction of the
resolving system, Formulas (3.1) are applied in a manner described in [2,3] for the
method of initial parameters, The use of formulas (3. 2) is similarly simple.

Let the closed system consist of 7 sections. In the absence of perturbation we have

Al = K1’ {A;n—la anm}v An = Kn, {A;n_lv anm}

From the conditions of junction of the n ~th and first sections we obtain the system
of m equations

anIAn + lFloAl = (anlKn, + \FIOKI,) {A;n_11 anm} =0

which is to be used for determining the natural frequencies and form of oscillations.
As an example of branched systems we shall consider the sequence of calculation
of the free oscillations of the plane barsystem shown in Fig, 1. Assuming that the sys-
tem performs longitudinal bending or torsional bending oscillations, the state of its
k—th branch can be defined by six parameters 4™ = (4,0 2™y (k=1,...,7).
If each of the branches consists of several sections, then in'the absence of the boundary
effect A% = Al(k) (Al('” is the vector of parameters of the first section of the &-th
branch ), while in the presence of that effect A® = {A1(k)5r “5:?} E{an(k), cea a“(k),
ans®}, where parameters a;;(%) and ans®) define boundary effects at the first
section beginning and at the end of the last section. It is possible to eliminate from
each branch 1, 2,4, 6, and 7 three parameters , using the boundary conditions,
For example, for taking into account the boundary effect we express parameters
2,®, 2, and 2, interms of &™), a;® and a* (k =1, 2 4, 6,7) and,
using the nine conditions at joint 4, represent the nine parameters a;{V, g4, agM,
5@, 2™, 0@, 4, 4,3 and 4 in terms of the three 2@, 4,®, and 4,3,
In the same way , using the conditions at joint B" we express parameters a,®), g,(3),



The method of two-sided transfer of parameters 441

3, 4@, 2@, 39, 4,9, ¢, ® and o8 interms of ,®) g, and . The
nine equations that follow from conditions at joint C contain nine parameters al("),

a;*) and a® (k =5, 6, 7). We thus obtain a system which can be used for deter-
mining in the usual way the frequencies and forms of principal oscillations,

4, In a number of cases such as, for example, that of bars of variable cross section
when , owing to the considerable number of sections into which the system must be div-
ided, the method described above becomes somewhat complicated. However it can be
considerably simplified by combining it with the method of slowly varying parameters
[10,11] or with some other variant of the perturbation method. It is then possible to
represent a bar in the form of a combination of a small number of components within
which bar parameters vary,but the vector of state can be represented with adequate
accuracy by the formula

Yi@@)=H;(x)A: +YF (1), 4= {ai1, - . ., @i} (4.1)

where i is the ordinal number of the bar component, z; & [0, 5] isits longitudinal
coordinate,, 4 is the vector of coefficients that are constant along the considered com-
ponent, - Y;¥ is the vector which appears when the perturbation effect is present.Mat-
rix H; which depends on the oscillation frequency and properties of the considered bar
component is formulated so that the functions that define the boundary layer at the ex-
tremities of that component appear separately in it, When passing from one component
to another formula (4, 1) is subjected to the same operations as described in Sect, 2 and
3 relative to formulas (2,1).

One of the methods of deriving formula (4, 1) is demonstrated below on the example
of a straight bar of variable corss section performing transverse oscillations,

Let us assume that a straight bar contains a component (we omit its ordinal number
for brevity ) within whose boundaries the parameters are piecewise -continuous functions
of the longitudinal component 2 with fairly small relative variations, Taking into con-
sideration that in calculations it is more convenient to use sums instead of integrals, we
approximate the considered component of the bar by a stepped bar which consists of a
fairly large number of sections of constant cross section. External loads are assumed to
be a system of concentrated forces | () applied at joints of sections. Formulas(2,1)
and (2, 2) are valid for all sections of the bar. The & ~coordinate is assumed to be the
general coordinate for the whole of the considered component, and section ordinal
numbers j are omitted, We further assume

X

A= S"'(C) ag, A= A(.’L‘) = A, + o, }‘,(x) — |:(1)2m (I)]'/4

¢ (x)
0

where m, ¢, and ) are step functions, Vector A is evidently also a step function
whose variation along the bar is determined by conditions of joining at cross sections

z = x* where bar parameters change jumpwise and where external forces are app-
lied. These conditions of joining are of the form

Y+ = Y_ + F*, F* == {01 01 07 f(x*)}
(£ =1z (z%), zt=2z*-40)
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Taking into account formula (2.1) we obtain Y+4+ = W-4~ | F* or
AA = — (P AYA~ + (YHTF* (Az=2"—127) (4.2)
Using formula (2,2 ) we represent equality (4,2 ) in the expanded form
Aa = —Y, B +9v) a4+ Y, (B — 7) (a~ cos 2A* —
b~ sin 21\*) -+ B (P‘ -+ Q*) sin A¥* - {4.3)
8" (— P~ 4 Q) + f.] cos A*
Ab = —Y, (B + ) b- — Y, (B — ¥) (e~ sin 2A* +
b~ cos 2A*) + B (P~ 4 Q") cos A* — [’ (—P~ + @) +
fal sin A%,
Apf:i -;‘/2 B+ +Yly—p) 0 +Bvy —pu +
w1 €7
Ag = —Yo(B4-7)g"+ Yy [(y—B) P~ + Bvy~ + B'uy —f e
B =<eA), p =A%) + Ay, B = (eA®y — <A
({z) = Az / 2z%)
fo = @) 129, A* =A%), A, = A,
P =pexp(—A)
Q@ =gqgexp{A,—A), vy=asin A+ beosA
u; = acos A — bsin A

In these equations it is possible to eliminate the first terms of their right-hand sides,
and thus to separate out the asymptotic parts of functions a (x), & (z), P («), and Q (x)
( i.e. their principal parts when o — oo ). Weset y =nyq (y = a, b, p, P,. . .),
where the step function m (x) is determined by the difference equation

A ==Y, B+ ¥y (4.4)
Taking into the relationship A (ps) == p*As -+ ¢~ Ap, instead of Egs, (4.3 ywehave
Ay = % [Y2 (B — ¥) (@q~ cos 2A* — by" sin 2A%) - (4.5)

B(Py™ + Qn7)sin A* 4 B’ (— Pn™ + Qq7)cos A*] + Aa,/
Aby =y [— Y2 (B — V) (an ™ sin 2A% 4 by~ cos 2A%) -

B(Pn™+ Qn)cos A* — B’ (— Py™ + Qu7)sin A*] -+ 4b
Ay = - [(v — PO + Boiy — Bumm] €™ -+ L2 en,

Agy = "?2'("' (v — B)Pn™ + Brrn -+ Brugg] e — —2% ehie

. f .
X= . Aaf = TEcos A%, A = — %-sm A*
In conformity with the assumption made above the quantities B. Vv and ﬁ)' which
define the relative variations of the bar parameters, are small. It follows from Egs,
(4. 5) that for free and resonance oscillations the relative increments of elements of

vector 4,, also small, Hence restricting ourselves to approximate results we set in the
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right-hand sides of Eqs, (4.5) €y =0tn=10¢q(0) (c =a,b, p) andgy™ =y =
¢y (1). Carrying out summation and substituting for ease of calculation functions ]
and @ for p and g, we obtain the approximate relationships

Aey(2) = K (2) Ay + Aly (2)
Ay = {@n, by Py Ga}s  Aen = {an, by Pryy Qun}

K@= ki@l 4i=1,234

(B — v)ycos 2A*

ol

?%1;:1“%"8} }Eggﬁi—'s, & =
2

x
vy = kyy = E-%c“(v — B)Sia 20%, kyy = e %, kyy = PN

o

x x
kig = D qe-As (Bsin A* — B cos A¥),  kyy = Dyxe™ A (B sin A* 4
] 0

x
B cos A¥*), kg = }:_,xe*f\* (Bcos A* - B’ sin A%)

x
Fpg = erf‘*"‘f (B cos A* — B’ sin A¥)
1]

X
gy = -%C— e™Ax (B sin A* — B’ cos A¥)

@
x
kegy = 2 %_eA*'Ax (B cos A* + B’ sin A*)
o
X

k= Y 5 (2 — Bt
0

I
kgg = Z %—eéx“"‘ (Bsin A* - B’ cos A¥)
x

!
ki = 2 -?2-(— eBx™M (B oos A* — B’ sin A¥)

!
ks = Z ___)2(_ (v—B) ghxm2As

The sums from O to x and from x to [ extend over all quantities under the sign of
summation which that, respectively appear in the intervals [0, ) and (z, I].
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We denote by W, the matrix which differs from matrix ¥ by the substitution of
unity for exp (— A,) and exp (A, — A;). We can then set

Y = lII.A == ‘P‘T]An == n\FBAen

With due regard to (4. 6) we obtain the required expression

Y =¥, (KA + Aly) = HAq+ Y/ (4.7)
H=n¥Y.K, Y'=n¥.4l,

Remark 1, Let us assume that the bar parameters are continuous functions of the
longitudinal coordinate, Then increasing infinitely the number of sections of the approx-
imating step bar, instead of Eq, (4,4 ) we obtain

dn __ d(ch?) _d(A)__dh __ d(ch)
M A VR 2003

which implies that 1 }/cA% = const or thatfor M (0) =1 (cf.[11])

_ Cohy® I — cormy® ‘}‘[8
e = [(‘ (x) A8 (x)} - [r () m¥(x),

This formula can be used in the case of fairly small relative increments of the step
bar along each of its steps, On this assumption we have §' = f.

Remark 2. The accuracy of formula (4, 7) used for calculating free and resonant
oscillations can be estimated on the basis of results in [ 117, It can be shown, using the
reasoning of [10], that the accuracy of formula (4, 7) increases with increasing principal
oscillation frequency, Generally this does not take place if for the elements of matrix
(2, 2) either hyperbolic or Krylov s functions are selected,

Although examples of bar systems oscillation were used here for illustrating the
obtained basic results, the latter can be applied also for solving other boundary value
problems of mechanics (such as oscillation of plates and shells, bending of beams of
elastic supports, problems of the theory of elastic stability,etc. ).
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